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Multiple cracking of a coating layer
and its influence on fibre strength

Part Il Monte Carlo simulation

S. OCHIAI, M. HOJO

Mesoscopic Materials Research Centre, Faculty of Engineering, Kyoto University, Kyoto 606,

Japan

Multiple cracking of a coating layer and its influence on the tensile strength of the coated fibre
in the case of strong interfacial bonding were simulated by means of a Monte Carlo method.
Within the range where the coating layer was weak, it was found that the weaker the coating
layer, the larger became the number of cracks and consequently the smaller became the crack
spacing, resulting in higher strength of the fibre. When the strength of the layer was high,
however, the crack spacing became large, resulting in a low strength of the fibre comparable
to the strength for the case of single cracking. The strength value of the fibre calculated for
average crack spacing gave an upper bound, and that calculated for single cracking a lower

bound, for the actual fibre strength.

1. Introduction

When coated fibres are pulled in tension, the coating
layer sometimes shows multiple cracking, which re-
duces fibre strength when the interfacial bonding is
strong. In this multiple cracking process, the number
of cracks and crack spacing vary with varying applied
stress. Furthermore, these variations differ from
sample to sample. In order to describe the influence of
the multiple cracking on fibre strength, a method is
required to identify the strength-determining crack of
all the cracks and also a method to describe probabil-
istic affairs such as crack spacing, location of cracks
and the difference in cracking behaviour of the sam-
ples. In Part I [1], a method to calculate the energy
release rates of the fibre at formed cracks for non-
uniform crack spacing was presented, with which the
strength-determining crack can be identified. In the
present paper, the latter method will be presented
based on the Monte Carlo simulation technique, be-
cause it is known that the application of this technique
can describe well the muitiple fracture of a tungsten
fibre embedded in a copper matrix composite [2] and
that of 90° ply in a 0°/90°/0° type graphite/epoxy
laminate composite [3]. Using this technique in com-
bination with the calculation method presented in
Part I [1], the multiple cracking behaviour of the
coating layer and the strength of the fibre will be
simulated.

2. Monte Carlo simulation

The Monte Carlo simulation was carried out follow-
ing the flow chart shown in Fig. 1. The details of the
procedure are as follows.
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(a) The coating layer with an initial length
L¢ ( = length of fibre) was divided into a large number
of N, elements with a length, L., as shown in Fig. 2a.

(b) The strength of the coating layer was assumed
to obey the two-parameter Weibull distribution [4].
This distribution function provides the probability, F,
of failure at stress, o, as

F=1-—exp[ — (¥V/Vo)(c/0,)"] )

where w and o, are the shape and scale parameters,
respectively, and V and ¥V, are the volume of the
material and the standard volume, respectively, The
strength (o in Equation 1) of each coating-layer ele-
ment was determined by generating a random value,
which was substituted for F in Equation 1, together
with the values of w, o, V, and the volume of each
element V = n [(R; + a)* — R}]L,, where R; and a are
the radius of the fibre and the thickness of the coating
layer, respectively. With the repetition of this process,
the strength of element ¥, §(r), was determined for
r=1-N,.

{c) Given the applied net stress on the fibre, o,
broken coating-layer elements with S{r) = 0 were
searched for and the length of each segment of the
coating layer ( = crack spacing) was obtained. Then
the stress exerted in each element was calculated using
the method shown in Part I [1]. In the simulation, the
exerted stress at the mid-point along the tensile axis of
cach coating-layer element was, to a first approxima-
tion, taken as the representative stress of element “r,
o.(r); namely, as shown in Fig. 2b, the stress distribu-
tions in segments shown with solid curves were ap-
proximated to those shown by broken lines. In this
process, as the stress in the coating layer varies with
varying radial distance, the stress averaged along the
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Figure I The flow chart of the present Monte Carlo simulation.

radial direction was used as the stress exerted on the
coating layer.

(d) Whether or not fracture of element ‘¥’ occurs
was judged by comparing the stress o (r) with the
strength S(r): if o (r) was higher than S(r), fracture of
the element was judged to occur. When the fracture of
the element r occurred, S(r) was set to zero. For
instance, when elements ¢, ¢, and g5 had been broken
at a given stress level (namely S(g,) = S(q,) = S(g3)
= 0) as shown in Fig. 2b, if the stress on element g,
o.(g), was higher than the strength S(g), element g was
judged to be broken. S(g) was set to zero at this stress
level.

{e) At each applied stress level, the locations of
cracks (broken coating-layer elements) were searched
for. Using the calculation method presented in our
Part I [1], the energy release rate of the fibre, X, was
calculated for each crack. The highest energy release
rate of all the cracks, A, was searched for and
compared with the critical energy release rate of the
fibre A, When A, = A, the fibre was judged to be
broken.

(f) The stress level was raised in steps of 0.5 MPa
from zero until the fracture of the fibre occurred. At
each stress level, procedures (c—¢) were repeated.

In the present work, the following values were used
as an example. Radius of the fibre R; = 4 um; thick-
ness of the coating layer a = 0.05-0.5 pym; Young’s
moduli of the fibre and coating layer, E; = 200 and
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Figure 2 (a) Schematic representation of coating-layer elements
with a length L, and (b} the exerted stress, 6., on each element,
where elements ¢, q,, and g5 have been broken already. The solid
curves show the stress distributions in the segments of the coating
layer, which are approximated by the broken lines in the simulation.

E. = 400 GPa, respectively; the length of each element
L. = 0.05 pm; the length of the fibre L; = 100 um; the
number of elements of the coating layer N, = 2000,
the shape and scale parameters of the Weibull dis-
tribution w = 5 and o, = 50-500 MPa, respectively;
and the standard volume in the Weibull distribution
function ¥V, =1mm?® The G; and G, values were
calculated from G = E/[2(1 + v)] in which the values
v for the fibre and coating layer were taken to be 0.3.
The critical energy release rate of the fibre, A, was
taken to be 3Jm~2, and the fibre stress at A, = A,
was defined as of.

Within the present framework, L; value was taken
to be small (100 um) in comparison with the usual
gauge length for the tensile test of the fibre, because
the strength of the longer fibre can be determined in a
similar manner, and also it can be obtained from the
simulation results for a short fibre when the weakest-
link reasoning is applied; for instance, if the fibre is
1000 times longer than the simulated fibre, the lowest
strength value of the 1000 simulated fibres gives the
strength.

In the simulation, the applied stress was raised until
the fibre was broken by the crack formed by the
fracture of the coating layer, and the o} value corres-
ponding to crack propagation was obtained. This o}
value is, however, not necessarily equal to the strength
value, because the strength of a coated fibre, whose
interfacial bonding strength is high enough to prevent
debonding and coating-layer fracture prior to that of
the fibre, is determined by the sequence between of
and the strength of the bare fibre, of; if of > o}, the
fibre is not broken by the crack formed but by its
intrinsic defects, so that the fibre strength is given by
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Figure 3 An example of multiple cracking behaviour of the coating layer for o, = 250 MPa and a = 0.2 um. The variation of N, as a function
of o, is shown on the left, and the morphologies of the cracked coating layer at (a—f) are shown on the right.

T T T T T
30r t— Laye (1 pm) 3
= o= 0.70GPa
&
b 20+ b
1)
&
&
5
8
' T Lave (2 “m)
10F . b
. o= 0.45GPa
[
i.-..‘...’L
e
o= R
0 1 2 3 4 5 8
L{um)

Figure 4 Examples of the distribution of the length of segments at
op =045 and 0.70 GPa for o, = 150 MPa and 4 = 0.2 um. The
average lengths were nearly 2 and 1 pm at o; = 0.45 and 0.70 GPa,
respectively.

o, while if o} < o}, the fibre is broken by the crack
formed so that the fibre strength is given by o [5]. In
this work, the results for the case where of < of, will
be given in Section 3.2 and those for both of < &},
and o} > of, in Section 3.3.

3. Results and discussion

3.1. Crack spacing

Fig. 3 shows an example of the simulation results for
a=02pm and o, =250 MPa. In this example,
o, = 250 MPa corresponds to the average strength,
420 MPa, for the coating layer with the present gauge
length. The number of fractures, Ny, is plotted against
applied stress, o, The initially continuous coating
layer was broken continually into shorter segments.

The morphologies of the coating layer varied from (a)
where no cracking occurred, to (f) where the fibre was
broken. The stress levels for (a—f) are indicated in the
Ne—o; curve. As shown in (b-f), the crack spacing is
not uniform.

Fig. 4 shows the distribution of the crack spacing at
o; = 0.45 and 0.70 GPa for 64 = 150 MPa. The aver-
age crack spacings, L,,., were nearly 2 and 1 pm at
o¢ = 045 and 0.70 GPa, respectively. Fig. 4 indicates
that the crack spacing is widely scattered in the mul-
tiple cracking process. Fig. 5 shows the difference in
cracking behaviour of three samples for a = 0.2 um
and o, = 150 MPa. Each sample behaves differently.
As shown in Figs 3-5, the number of cracks and crack
spacing vary with varying applied stress level and also
from sample to sample. The fibre strength is affected
by these probabilistic factors.

3.2. Influence of the strength of the coating
layer on fibre strength

The average strength of the coating layer increases
with increasing o,. The influence of the strength of the
coating layer for a = 0.2 um was simulated by chang-
ing the value of o, In this case, the average strengths
of the coating layer with the initial length are, for
instance, 83, 167, 500 and 833 MPa for 5, = 50, 100,
300 and 500 MPa, respectively, while the coeflicient of
variation of strength of the coating layer is 22.9% for
all values of o,, because the w is fixed at 5.

Fig. 6 shows typical morphologies of the cracked
coating layer at the fracture of fibres and the locations
of strength-determining cracks as indicated by arrows.
In this example, (a—c) correspond to o, = 150, 300
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Figure 5 Examples of the variations of N, with increasing o; for
three simulations for oy = 150 MPa and a = 0.2 um: ( x) indicates
the fracture of fibres.
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Figure 6 Typical morphologies of the cracked coating layer at the
fracture of fibres for a = 0.2 um and o, = (a) 150, (b) 300 and
(c) 500 MPa. The arrows show the strength-determining cracks.

and 500 MPa, respectively. It is clearly shown that the
crack between long segments tends to act as the
strength-determining one.

Fig. 7 shows the typical variations of N; as a
function of o; for various o, values. Evidently, the
lower the strength of the coating layer, the larger
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Figure 7 Typical variations of N as a function of o, for various &,
values for @ = 0.2 um.
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Figure 8 Variation of of as a function of o, for a = 0.2 um. The
broken and dotted curves show the variations of o} (1) and o (2)
for comparison.

became the number of cracks and consequently the
smaller became the crack spacing at any o, As a
result, the fracture stress of the fibre ( x) increased
with decreasing o,.

Fig. 8 shows the influence of the strength of the
coating layer on the fibre strength. Simulation ex-
periments were carried out five times for each o,
value. Under the present conditions, the obtained o}
values were lower than 2 GPa. Therefore, if of, is
higher than 2 GPa, the obtained of values are equal
to the fibre strength because of < of,. The fibre
strength for such a case is discussed here. For
0y < 300 MPa, of increased with decreasing o, ow-
ing to the decrease in crack spacing. On the other
hand, for o, > 300 MPa, the strength values re-
mained nearly constant. This result arises from the
large crack spacing, and is explained as follows: the
fibre strength for a single crack (only one crack occurs
in the coating layer), of (1), corresponding to infinite
crack spacing, was calculated for comparison. The
result is superimposed as the broken line in Fig. 8. At
large o4 ( > 300 MPa), the strength values obtained



by the simulation were comparable with the of (1)
values. Thus, although multiple cracking also occurs
for oy > 300 MPa (Figs 6 and 7), the strength-deter-
mining crack, which essentially exists between longer
segments, acts similar to a single crack. In this way,
when the coating layer is strong and therefore the
crack spacing is large, the fibre strength falls to the
level for a single crack in spite of the multiple cracking.

From the simulation, the number of fractures, Ny,
was monitored as a function of o, Then using the
average crack spacing, L,,., the fibre strength expected
from average spacing, o (2), was calculated at each o,
value. The result is superimposed as the dotted curve,
also in Fig. 8. When o, was high ( > 300 MPa), o} (2)
was the same as of (1) and also the same as the
strength values obtained by the simulation. On the
other hand, when o, was low (< 300 MPa), the
strength values obtained by the simulation were with-
in the range between of (1) and of (2). Namely, of (1)
gave a lower bound and o} (2) an upper bound for
fibre strength, while the discrepancy between of and
ot (1) was large for low o,,.

3.3. Infiuence of thickness of the coating layer
on fibre strength

Fig. 9 shows the variation of of as a function of the
thickness of the coating layer, a, for o, = 100 and
300 MPa. The broken and dotted curves show the
relation of 6§ (1) to a for 5, = 100 and 300 MPa and
that of o (2) to a for 6, = 100 MPa, respectively. For
6, = 300 MPa, the o} values obtained by the simu-
lation were nearly the same as of (1) values for any a,
owing to the large crack spacing. On the other hand,
for o, = 100 MPa, the simulation values were within
the range between the lower bound of o (1) and the
upper bound of of (2).

When the strength of the bare fibre, og, (taken to be
constant for simplicity), s given, the strength of the
coated fibre is described from the sequence between
o and of, as stated above. Taking the case of o,
= 100 MPa in Fig. 9 as an example, when o}, is
2 GPa, the fibre strength is given by o}, for the range
of a < a,,; due to of > o}, but it is given by of for
a> a,;, due to of > of,, where a, is the critical
thickness below which the fibre strength is not re-
duced by the formed crack, satisfying of, = of. How-
ever, as known from Fig. 9, the of values vary from
sample to sample, suggesting that a.,, also varies. To a
first approximation, when average of values are used,
a.; can roughly be estimated to be 0.07 um. The
average fibre strength varies along ABC as a function
of a as shown with the solid curve, where B corres-
ponds to a=0.07 pm. In this example, the fibre
strength for a = 0.05 um is given by 2 GPa although
the of values exceed 2 GPa.

If of, is taken to be more than 2.5 GPa, fibre
strength for ¢ = 0.05 pm is also given by the simulated
of value due to of < of,. In such a case, a., de-
creases with increasing of,. In this way, the variation
of average strength of the coated fibre can be predicted
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Figure 9 Variations of o as a function of a for o, = (O) 100 and
(A) 300 MPa. The broken and dotted curves show the variations of
o (1) for o, = 100 and 300 MPa and of (2) for 6, = 100 MPa,
respectively. If of,, is taken to be 2 GPa, the average strength of the
fibre for o, = 100 MPa varies along ABC as shown by the solid
curve.

in a similar procedure to that for any strength of a
bare fibre.

4. Conclusion

Multiple cracking behaviour of the coating layer and
its influence on fibre strength were simulated by a
Monte Carlo method. It was demonstrated that the
fibre strength can be raised by progressive multiple
cracking, in comparison with that for single cracking.
Fibre strength increases with decreasing strength of
the coating layer when the strength of the coating
layer is not high, but becomes low comparable to the
strength for a single crack, even though multiple
cracking occurs, when the strength of the coating layer
is high. The strength of the fibre calculated for average
crack spacing gives an upper bound and that calcu-
lated for single cracking a lower bound, for the actual
fibre strength.
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